Question ] (2 marks)

For the maximum subarray probl .
A 0'%1 pre em, we an.re jwen an array ALl-n] cohtainhi? /mitit/a arcl hejative
o .m* e W'P’" e par ‘andJ with Is15j£h such that the sum AmI+-—1 AL vf the

nesponding. subaray is masinun. Modify that algorithm so that it werks on circular arrays (still
Olnlogh ) time): je, it should fird the peir 1 ondl j With 1<4.j <n such that O ;10 the

corresyono\inj subarmj is moximun , where that swn is sl ALTE ALY where i<, but s

Alids -t A A4+ AT)) nhen 2] . 4;"%:}"”"4"(“4 elemerGose |

Devtpte sum of any subarmy of A as sumSub (), smef A as sum(A)

Analgsis Therecan be two cases for themaximum sum OF

subarray, dlewoted as SwmSub
Case |: The elements that contribute v the maximum sum -~

e a"a"ﬂed such that <) ond Mot Sum Subi= é ALK) -
For example. 1% 2 st sy ad SHS=h g
In this (ase , the FIND—MAX'I-MUM—SLLB/IRMY(FM.S)‘/
the result

3

o\(joyi’(]'\m will FYVC‘WQ
that contribule. o the maximum sum
J '. -
p 3 2
that ] ond Mok sum £ Ak kEAUQJ X S
) For examp(c fm, -n,uj = (1,10) ard 1HI0=2] |
Tn this cace . we consicler the oddivive inverse of A Then we findl the moimum sum of any
- i ;"/1)’77 = A"—’A [A‘:) A‘z)l "’A)"'J

\ - S/;\M{?}TZ?'/OF;A}{Q n?lg‘g:dg A- LA =hs, - ) |
éA’[kj , this means monSumSub( A) = Eﬂ'lk% A4 At + AL

Suppuse Pos S Su il A) = |
S 41 AJ). Bj deﬁ'nitivn %A'[k)z Sumgub(/]'[mm‘)

k) G2 €)= —(A
mA. Lt ﬁ)flvws that -~ it - 1) > — sumSub(A) MM[{?'WJ the

A'twny 15 Oy gubmvay M
me?uah{tj on oth Sigles bj €, we Nave {A”"“ii)f sumSub(A) 1<), ]“"377]/;{’__)
This means 5 A is the mikimam sum of amy suboray of vl A l :
k-1 /‘




' - e h T G 2N B A D AR A e AL SR AR

'S" Zn ALk . k %/Hkh 22, k) U f m ./flk]
i - = / B = _ 5
esum(A)= - E;l/\l J+ = & Al , E‘Alkﬂ bﬂ/lik] = sum (4) o

. 11 h ) 3
When iAHO achieves [ts minimum value , %Alk]-’r ké_:‘A[k) achieves 1ts Waximum value
rv z -J+

| . b
This \(jie(ds iy ot S OF S‘ubOWOj Uf circulor A, as shown bj the chaded

area. on the Vi‘}k*‘ Henre W/k //[ (f//l U/}//////V//l

matSumSub ()= sum (A)+ Moo Saw CA) -1 iy im on
Note +that In this case s C((Fihfc( that 17) 50 we neeel 0 olo an afrlf/)nmmt

e e ”-'g

tewp <
J &
L% tewl)

- - e L one,, |
Finally , we need tv compare the - moxSumSib refumeo( from the tuocases, take the lager one,

ond relun the wnesrvnolf»j results .

The_ frst-ond second algoribhwns are cited fom thetext-book " Intruduction £o A’f]”"VhMS";
b}j Cormen et al- Note in afjor’rthms below, index starts frvm / ‘

A qorithm ] - FIND-MAX - CROSS morfsusARRAY . SMCS (A, low , mid, high)

- sum=—0°
)|. lej‘:ﬂ =0 SMF}?\?SQ A contuins N entries, nshyh—low 1)
3 for i=mid downtv low Then this qlgmit\nm takes @(n) time
4 sum = sum+ A1)
5 if sum> lef-sum
b Jeft - sum = sum
1 Mot ‘6?& =V
8 rijht' sum= - @
9 sum=0
Jo ‘FUYJ: W\io‘—ﬂ 40 hﬁ)'l
" sum= sum+ AQ)
1z if sum > right-sum
1% rij\w—su;w SUm
'3 ax- right =)
3 :; [ ekum (V“r(:;'l?&;g"w)(')rijm; leFt-SuYnf rjj)\* »SWV!)

b _ 2
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V Algorithm 2: FIND - MAXIMUM - SUBARRAY: FMS ( A low, high) q
This a‘ﬂcntkm 1S muhf'iec( ﬁiw’o((j v fit mby aljcnfhm 2 |

I mid= [(low l{'jk)/zj 6l1)
0
2 (lefi law, left -hﬂl« Jeft-sum) = EMS( A, low, mid ) (%)

‘ 1 n
3 (right-low, rijm-hijh , 1ight-sum) = EMS( A, mid41, Ajl«) (%)

4 (css-low, C'W-h'g\«. s sum) = FMCS (A  low, prd), h'fjh) 6thn)

5 0F left-sum > right-sum and left-sum > crss-sum

b rebum (left-low, le[t-high , left-sum)
- sum ond right= UM > css-sum o0)

71f right-sum> lef
g yeturhn (717}1{- low, rjjhi-}\ijh, Fij)ht' sum )
q else retwn (s~ low, @uss- high, cwss-sum)

sum (A) retums the sum of all entries in A
Algorithm3: MAX- SWM- CIRCULAR - su

fF hgh o ,OW } _”') = 60)
retwn (low, high, ALbwd) -~ // base case
else ¢indexl, ndex2, Pﬂw’tﬁrSum) = FMS(-A. w, hijk) 6 (nlgh)

("y\def)rgu) ,lV‘le)‘Hi’h ) ":f}\.('al’ MOX) = FMS (Ar ,Owrhﬁb) e(nljh)
cﬁaﬂm Mox = sum(A)+ primerSum : on)

;F cirelan MO)K > regul GYM(M
retun Cinclex 2, index l, cirelay Max)

etwin (indexLow, ,'ro(exllijk, reju(or/‘/\ax)

BARRAY: MsCs (Ar low, high)

|
2
>
4
5
; -
& else 1

on that the orignal problem size 1s o power of 2 50 that

i We make <he simplifying asswmpti
/4"0‘35'5 ) el ! We denote Ttn) the vunniy time of  FMS on a Wbﬂ"aj

all subFYOHEW\s hove SiZes of eritl'w /Mejev.
Tinje QTR ST L 011 = 2T(£)46n) (as shown bﬂ green markens obove )

han logya =1 ond finy= 6n) - Then we con apply case 2 i Master Theorem ord thus
0=2 h=2 t N

Ttn)= @(Y\'jh) §ubcwut1nj Ttn) by olhlgn) tv -‘chz analjsis oF cl(jow"chm 3 (as shown )7\7
obive ), the time (omy’mtj of a(]ohthm Mscs (A low hijh) s

DF n elements.

oronge marker
Q) 49(Hf9n)+0(nf5n) 10(n)+001) = Q(n/jn) \

3

B
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Question 2 (2 marks) Fill in the table ‘fwm Problem 3-2 in the text: <
* Relative. Asymptotic Growth
Indicate , for each pair of expressions (A,B) in the table below , whether Ais Oo, S2, w,

or © OF B . Assume that k>), 20, and ¢>] are constonts . Your answer should be /n
the Form of the tuble with “yes” or “no " writken in each bor.

A B Ol o | N] w ©

- ’3k" n* yes |yes | mo | no'| o

b n® " [ yes [yes | no| o | no

}
}

c.- dn S n | nv no nv

d-* 2™ ho | wo | yes | yes | no

e n8 " | yes | no | yes | o | yes

— e

f lgm) lgin') | yes | mo | yes | no | ges

jm{,fi cokions ﬁyy each cell can be ,Q)uncf on pages 4) and 4.2

4
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y
Jus’c’:ficuﬁvm ﬁvr toble on }7“3&4' C g
() A= lgn  B=n" | [/ ’

jg=n" | X
M, lim k!ﬁ(bn) .j,___—;_-——"/hm_}(i_'ﬁ_)‘_: .ghw\j;-:o

‘ A — A b lad
i 22 - Jim £)  naw h inlgheoo A% €
hoos Wb hoe B0 ) Tweeglgn limg

0y = A=o(B) > A= 0(B)
Henre le‘O(bB)__A\UO/()

A#4LP)

\ |
At 0P, A4 wik)

g - d = "L'
DCﬁVﬂﬁVL 0F (gwiﬁm:c ]q"'ndﬂ?n = ax /@aK xlna . - :
" i klnn- - 5 s Rlwn :
Dafr: lme = g =€ =€ =& =0
T
: o : a) )= [im o0 /im (x))
Properties of limit 7"1"’3(]%3 %) ('_:2 o )(KW J | i
: o im %)
fim b b’mﬁx) im (129, fo) 'l"J”(M ) (@
A xR ne
b A=nt B=C" '
) lenh lim kinn-ninC I n (_k_%’l —’M,) , e i
¢ i A _ fape—e B e = (meg zlwm € = lim (— -
o if?o’r nm glhs % Noee how n’ly:o @7 =0

|
L e
Note thal nt"‘; D S

") and Az0® = A=0E) but A4 wiBd p#OB) At (B

R
Hene N = 0 (c
B=nsinh

A=In
U‘ N 4'
v
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sinn

) A=ln, B=n
ool As showh \7\1’ the O(ianV('m

on the rignt A4 O(B) ond
A+ 0(P) ard A8 (B) =
| A o) ord A4 wib)

N




T T T e e

b
h
d. A=n p=2""
e n n
Soltion  Jimn £ =l 2 = fim 2" = lim B =00
N haw 2" N> nor

Pence A= w(B) = A= (B)

i
A30(B)
2
A1 0(B)
R}

lepce ! Atf B :7A’B
Solutim= Nute that BA:U“W:’&C(” Henee '9A(3
9B = (96'3”:{:)an6
!jnlc B L
| B8 - e L) Then A 0(R) D ATUB S A wie)
Hence b 5100 A ™ s 907 .
A= 0(B)
U
A3 0(B)
| ny - hlgn
_lgn)  Belgrn”) =19 |
e ’ ‘ Jene =1 and  No=|
JuRD lﬂhﬂj(l/\-l)+-'*'jl‘”j]55“*‘3“*"”\‘)”"”‘\‘]“"5 Hente ¢=1 0
Sol- A=lgn )~

! hl,2 e 2(n h) (%)
1, follaws that (9" € 0klgn) g €.0(519%) 2y g
L , "

noon oD o ngs . 2
;j;.‘fg“, 7/1%’2‘31 7)1:27,/23 2 2 g}

( o show there efut € &7

n-1g2) = $nlg"- n € 2(nlgn)

s { ho R st

To show nlgn- inelhlgn), we heee

) _
i”!gn 5N 7 chlgn e . =7’jh>/5 i,
({’—OVIBV\ 7’%” = [’,;."C),j}"?/}_L =] MJL\IZY\ == (2762 T2 /
o 3 0% o, 54 p-SnorengnFrolly by 3 ond tonsiity, A<618) 4. <
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| Question 3 (2 marks) §
Use the master method tv show that Karatsuba's algorithm ~takes Q[ nP) time (at least when

the_number of dligits is o pwer of 2)
Solution* In class, we oblain the recunence telection Tm=3T(L)44n for Kevatsubo's
algorithm. Reve gven Tm)=a T0/b) 4{m) q=35 by fim)=dn

lUjJ,, a :|0523b‘ |-585 ﬂ”) =0( h/‘m-?) ,Where €=0.2
We can aPPQ cuse | OF the master theorem and conclucde that

585
Ttn) - &(n"%). Tt follws thet Tin) = 0n").

Below is just o study hote ﬁ;y Sarak

FV‘()’ ¢ §wh ‘tl\at 4n= 0(7)"5005—i) (Mie thal we (jhow conston t
i

fm‘fwf n (om,)ar{@ a{ym’;ﬁ)tf(
I(Am«inj fime

‘ fm)dm and we reed tv
0E>D @ (ZI¥5EF £ <0545

Hente € € (0, 0.545

5 :
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)

Upper bound for this recurence.

Question 4 (> marks) | | ‘
Can the master method be appheo[ t0 the reuurrence Tth) = 4T(n)2) +n’lgh 2 (ive. an asﬂmpfvﬁ(/ ~‘

g
i
3
t
;
t

SO’U‘UVY) 2 GW‘@‘) T(n): aT(Yl/b) + F(V!), we anW a'-=4 /b:)-/ _Fm):h !7)’]

Jojba: !%4: 5 fm): nljf] . Tt s cleay {hai case | and 2 dp not

: : . i low , |
apply. fm s asymptotically e S R e Ma}f\?nsg;iﬂi AR

it is ot PO{ynomioﬂj Imrjer thann’ so case 3 does not aﬁ,@ Connct. be apple |
S _ : e b fedal ! |
We_ oW fshow {]ﬂm )= O(hlj h) - }ollowm zm; nfm)ve this 15 Aivte ﬂ /»:dufn on onguﬁmeh“
e 109 =027 1) = o412, thn T02) < Fhlz) for ol
(2 (ign-1g2)"+ Wlgn = i (lgn -1)"+1°l9"
_r(lgh1) <n’lg' N Henre Ten) 0,

p) " b 21,_ - -

Jooge - [Ther, Ty 4T(2)1 Klgn < 4 F 156 +rlyn 2
= plign Slgntl) 47lgh = lgh —lgh+h™=h lg°n

When h=4 T(z)zlﬂ(:wf@l = 444=8& N ’jh) 2 4([32)14

Base (ase™ ]
a | Tiy= 4T12) +4194=4x3+16x2 = 64 4q0= Ihxt=64

1t Pollows by inductivn that Tm)= o(n’1gh) when nr4.

log,& - 12
A"ayy'u . Heve we show that ]QnJIS nov Fv[gnumiallj /arju than K2 =1

o - fin)= w7l9h e need to check that fm) s Pbynm'a’\h] larger than nz.
Mte that Lo 910 = o(n)

h™ n
— |
" 2Hopital s vl ne _
i ; p! e - =||m
To show that A s €ue, e cly 'fl)r:]o o ——— n’-‘,;oo e
=0

‘Hence 1gn- O(NE)

(n) _ '

This means thy rativ ';*r@a:'gh s .asymr’rvﬂ(aig [ess
' e

constant €. Conse((uentfj the w(unenc«afr}”S into g4

than n& for ony pusitive
hetween pse 2 and (ase 3

6
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4 Question 5 (2 marks) FPlease ﬁhd the solution on W"“&Page. 7ha’;’(jou!-" T ——

Sufpvse, our-class receives more ]P‘W(iﬂj ]Omm the 'Faml{y ano( we_ @ afford ﬁwcla;s wlours . /170(/‘/7,
we chose. them $emi—dem06m’dca“3 : each oF then’ student jcf:f o whte and j’— some. wlour gets

stricty mre than n'/5 votes , then it will be gne of the class colours | iff there are fewa than ,

fwrsud\ wlowrs  Ahen Trouts will Fiok tMrBerm'hMj cluss colouss (and he cyajn makes Ho promises of’ E

fodmess 1) Notice that at most ﬁ)ur wlours can  each 3% Sér“{,[j mpre thon n'/5 wles I
We agree 10 We & version ‘7{1 Misrnard  Crries' agorit"lm for ﬁn&inj o-mayorities. |

@) We start with evenyone Si thing olown
(b Trauis will ask each student in tum their fuowite colour |
0 I{g the. shudent’s fawwé’vc wlowr 1 uuranj wr.if’ven on th.bmm( , the stucent will come :
down ond stond at the fiont of he oom (forrring - o grovp with anyone. already chere. who

chose the same. colowr) :
(. I the student’s fowowrite colowr is mob ¢
four grogs supporting four oltff’gen(,— wolours at the fro
onepersm from each grp 2 sit clown v
(i) If the studlent fawuﬁfe, wlour (s not awrvently wntben o the board but there are fewer

‘ the fmt, (f hecessany erase
the font , then the siwdent will 90 W ,
thon fowr grows ot ef""m el fiont- o defercl it (5o that thereare. then 6 haost-

.:;:W\e« (D:VW W.(":ﬂtkhz ;;ffj )’ ar\d Hr\en write {7‘4@.\]’ Wlour aho( S'ta\.(f at (,’{’l[ f'}/pnt— Sfurl;ivg

ree. wlows o |
heir vwn gV

(© Thedass wlows are whatever (s writen on the

wrently writhen ph the bward gngd there are alveed
nt ,H\en the Sm(en’r will choose

bourl ofter Travis fivishes asting students

ﬁ,r colowrs. I
bladk § white | blue &15=1-b
| blue | ved | blue | green | green i
r example: l s 5 —
" P \Ahce/\ Bab | Charlie | Do | Eve | framk | G““ﬁl&“*‘ 1
f E’)\"ac\x F}M\k TYOU/IS de(lqves {—ho:l’ HME,YQ(J ,3Y€€h, ano( Had( are. C(C{SJ (,o(our;
7 treen Dave Fue Ty this case he. must pick bive arcl green ,since they ecch get
ons 2 Red  Bob move than [-b wtes and he ({_ﬁeﬂ tv choose_bluck anol red af
g Blue Alicc. Tharlic Heidi  well jut exclwhvicj wh'.;a | 7
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} ; ol | L)
Now ~Travis gives one Cand:j out W each student Sufyuse, one of the mMajority colouy i reoh

byt Trauis still dloesut choose ¢ than H‘Sﬂ will onsole. thered iotes by giving them exttq cundies,
acurding o the following - rules:
. If student who wres ﬁr red
the dluss ends ond evenpne. Q€S |
ctudent jgkg the mndj "F eath of the four perple H‘f} T —
2). If & stdent who wtes for red Gees v the fimt of the class but 15 later chosen tv sit

th t the condy £ the persm who chae them B sit
djm tke;\l ':&d e e s jfdouj zt- the some tme.
oM ahot €

o he three obhar person chosen W 8t
Why s this a!jor}tl\m conreth?

nevey qe(rs fo stnd at the Frvnt oF the class ,then ,af?ier
~Jrowis made. & mistuke. and should  howe chosen red, that

jem’—mmj ets assurve ved s the majority colour. For the salce of

red 1S %'Majvri oolour , but the aﬁuri+hm I¢ M/rorj and
o?at the end of the clasy . Then every one
ae_never stovd "2l the frmt

Proof = Withwud loss of

controdictivn , swpprse
i A" are on the boor

colours o&wrdfh?” e 1 Then there can he 42 coses. (> They h
who wtjd .Vé’A o ol to-thefront but were asked to sit o(ou;;V}.‘ Tl ook
enained stte) € S 0 et um, ol s 0 the frort must be occupiec Ty P J
1 case (1) When '*Waos( Thn 4his stodlent wouldl aske one staclent from-each you/ e group

colowys other than 1€ ¢ stident ol jet one (anofz from each onre of’ those

; won th
_ As (ompeﬂ“""o"' . d 5 cardi
by sit, olowh o thot, dhis student wau'd_Pave 2 COreles
sudon. 5 O . Ao *
banjvadao' t-sit |

at the fwnt\ before , but they
¢ three Ot}wﬁw}(ehh muct

Tn case (3 m chwﬂnj red has stod
In , -
. ‘@l 4 <it down bj anothe dudent ~This mean
e b bed tosit down multaneously. As o compenssition his student get
.' haf}l e; n ‘3\; a5 compensattdh APeey thabs i student would have 5 —
4 conclies 7m0 . AU

1 dkey poitld have 5 candies af the end
¢ who woted P redl ﬁ |
n eii):e‘; (f;i, ﬁwg‘jomem °m wted for red and h bethe total number.

Let N V&

! Cmniori (prr p'>h/5-
. B deﬁnmon oF UMWWJV”E‘J w ; : _
; Stgjﬁm ﬂlt:a:NE;fa:;\ qlhu means ,at the erd| there wdd he S condles., em@dmﬁ
It oW i ; :

the mitial folal number oF candies N beinj given out. This fjiddf a oontroclictioh
Mo .

.,b sumwmetvy,
Therefore the algorithm 15 wrreck: if wore thon nf5 pegle wle for ved (n.fry 1gmmets
- o any O‘IJ\RV w\ﬁﬁi?f ) it ends up 0S the majorty colour | 8

H«e <{M({e
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